Abstract. We investigate the propagation of the scalar waves in the FLRW universes beginning with a Big Bang and ending with a Big Crunch, a Big Rip, a Big Brake or a Sudden Singularity. We obtain the sharp description of the asymptotics for the solutions of the linear Klein-Gordon equation, and similar results for the semilinear equation with a subcritical exponent. We prove that the number of cosmological particle creations is finite under general assumptions on the initial Big Bang and the final Big Crunch or Big Brake.
I. Introduction
A lot of cosmological models have a time singularity either in the past, such as the Big Bang, or in the future, such as the Big Crunch, the Big Rip introduced by R.R. Caldwell [12] , the Big Brake introduced in [30] or a Sudden Singularity (see e.g. [13] , [23] , [37] , for a classification of these time singularities). The physical literature on this subject is very abundant. In particular we mention the works by J. D. Barrow et alii [5] , [6] , [7] , [8] . The non linear hyperbolic equations, mainly the Einstein system, have been deeply investigated near these singularities (see e.g. the work by L. Andersson and A. D. Rendall [3] on the Belinskii-Khalatnikov-Lifshitz asymptotics at the singularities, or the Fuchsian methods that have been recently applied to the Gowdy spacetimes by F. Beyer and P. G. LeFloch [9] , [10] ). There are also numerous works on the field equations in the smooth (without singulatity) FLRW space-times, in particular in the De Sitter universe (see e.g. [4] , [20] , [26] , [27] , [28] , [35] ). In contrast, surprisingly enough, few mathematical papers deal with the simpler issue of the behaviour of the linear fields near the cosmological singularities. We can cite the works by P. T. Allen and A. D. Rendall [2] on the cosmological linearized perturbations; there are also recent works: H. Ringström investigated the linear systems on Kasner solutions in [40] , the Klein-Gordon equation on Bianchi backgrounds and silent singularities in [41] , and A. Alho, G. Fournodavlos, A. T. Franzen studied the wave equation near a Big Bang in [1] . In this paper, we study the linear Klein-Gordon equation in a FLRW universe for which the scale factor has time singularities and we obtain accurate asymptotics of the fields at these points. We also discuss the semilinear equations in the subcritical case and we get similar results. Concerning the linear quantum fields, we investigate the cosmological particle production between a Big Bang and a Big Crunch or a Big Brake. In short, in this paper, we develop the rigorous mathematical framework for most of the results obtained by J. D. Barrow et alii in the previously cited papers. Now we describe our setting and the results.
Given a d-dimensional complete Riemannian C 2 manifold`K, γ ij dx i dx j˘, d ě 3, and a bounded open interval I " pt´, t`q Ă R, we consider the FLRW universe pM, gq where M :" I tˆKx is endowed with the Lorentzian metric (I.1)
The scale factor aptq is a positive function in C 2 pIq and we assume that near t˘we have for k ď 2
where the coefficients cj , ηj P R satisfy :
The Big Bang (resp. the Big Crunch) corresponds to the case η0 ą 0 (resp. η0 ą 0). It will be be useful to distinguish the C 0´B ig Bang{Crunch for which η0 P p0, 1q, from the C 1B ig Bang{Crunch for which η0 ě 1. A Sudden Singularity at t˘is associated to η0 " 0 and η1 R N. A Big Brake is a Sudden Singularity at t`with c1 ą 0 and η1 ą 1. A very severe singularity is the Big Rip, defined by η0 ă 0, that is Slow if η0 P p´1, 0q and Strong if η0 ď´1. In this paper we consider an universe with such time singularities at t˘, and we investigate the asymptotic behaviour near t˘of the solution u of the Klein-Gordon type equation
where l g is the D'Alembertian operator
∆ K is the Laplace-Beltrami operator on K,
m ě 0 is the mass of the field, ξ P R is a given constant, and R g is the Ricci scalar of g. We may consider (I.4) as a kind of master equation arising in different contexts. u can be a component of the metric tensor when the first-order perturbed Einstein equations are recast as a second order PDE, or u is a scalar field involving in several scenarios studied in cosmology, such as the quintessence (see e.g. [5] , [7] , [8] , [14] , [22] and the references therein).
In this Klein-Gordon equation, ξ that is associated with the coupling of the field with the geometry, plays a fundamental role. The behaviour of the field near the time singularity t˘crucially depends on its value. To discuss the different situations it is convenient to use the conformal time τ that, given t 0 P pt´, t`q, is defined by (I. 5) τ :" Then u is solution of (I.4) iff ϕ satisfies (I.7) B 2 τ´∆K`ξ R γ pxq`V pτ q
where (I.8) V pτ q " m 2 α 2 pτ q`ˆξ´d´1 4d˙Q pτ q, Qpτ q :" dpd´3q α 12 pτ q α 2 pτ q`2 d α 2 pτ q αpτ q .
(I.9) αpτ q :" aptq, τ˘:"
In the case of a C 1´B ig Crunch, η0 ě 1, we have τ`" 8 and we deal with a scattering problem for a Klein-Gordon equation with a time dependent potential V pτ q. This situation is simple because V pτ q " Opτ´2q if η0 ą 1 hence we have to compare the solutions of (I.7) with those of (I.10) B 2 τ´∆K`ξ R γ pxq ( ϕ " 0, τ P r0, 8q.
If η0 " 1, V pτ q " pc0 q 2 dpd´1q`ξ´d´1 4d˘`O´e´c0 τ¯a nd the asymptotic dynamics is given by (I.11)
τ´∆K`ξ R γ pxq`pc0 q 2 dpd´1qˆξ´d´1 4d˙* ϕ " 0, τ P r0, 8q.
Therefore the investigation of the behaviour of uptq at the singularity t " t`is reduced to a classic problem of asymptotic completeness of wave operators for τ Ñ`8. Given u solution of (I.4), we look for ϕ0 and ϕ1 such that the solution ϕ of (I.10) or (I.11) with initial data ϕp0q " ϕ0 , B τ ϕp0q " ϕ1 , satisfies in a suitable sense (I.12) raptqs d´1 2 upt, xq " ϕpτ, xq, aptqB t " raptqs d´1 2 upt, xq ı " B τ ϕpτ, xq, t Ñ t`.
Conversely, given ϕ0 , ϕ 1 1 , we expect to find u solution of (I.4) satisfying (I.12) and we want to prove that the map (I. 13) W`: pupt 0 q, B t upt 0Þ Ñ pϕ0 , ϕ1 q is an isomorphism on a suitable functional space. Numerous papers have been devoted to this issue for wave equations with a time dependent mass (see e.g. [19] and the references therein). We show that all the expected results hold with a convenient cut-off for the low frequencies in order to eliminate the exponential increasing solutions of (I.10) or (I.11).
The case η0 ă 1 is deeply different. We have τ`ă 8, therefore we are interested in the existence of the following limits (I. 14) ϕ0 :" lim Moreover α 2 pτ q " O ppτ`´τ q γ q with γ " 2η0 1´η0
ą´2, and Qpτ q " cpτ`´τ q´2. Therefore (I.7) is a Klein-Gordon equation with a time-dependent potential V pτ q that is singular at τ`. The existence of the previous limits is obtained in extending to r0, τ`s the solutions defined on r0, τ`q. Conversely, given ϕ0 , ϕ1 , we investigate the Cauchy problem for the singular Klein-Gordon equation (I.7) with the initial data specified at the singularity τ`. Therefore we want to prove the existence of the operator W`defined by (I.13) and its invertibility. Such an equation has been investigated by D. Del Santo, T. Kinoshita, M. Reissig in [18] , where the authors study the behaviour of the solution near the time singularity of a Klein-Gordon equation. It turns out that their equation corresponds, in our context, to the case for which K is the Euclidean space. We shall take advantage of the elegant techniques used in [18] to investigate our general situation. We now briefly present our results for the future time singularity t`(the results at t´are straightly obtained by a time reversing).
First we consider the case (I.16) ξ " d´1 4d called conformal coupling (if the mass is zero we have V " 0 and the equation (I.4) is conformal invariant). Then the potential V in equation (I.7) is just
and we have V pτ q " cpτ`´τ q γ . If η0 ą´1 we have γ ą´1 hence V P L 1 p0, τ`q. This integrability allows to easily solve the Cauchy problem even for the initial data specified at the singularity, therefore W`exists and is invertible. The case of the Strong Big Rip η0 ď´1 is much more delicate. We prove that ϕ0 is well defined but in general ϕ1 does not exist as we can see on explicit examples. We summarize our results for the conformal coupling in Figure 1 . Figure 1 . Results of existence of ϕj for the conformal coupling ξ " d´1 4d . When ϕ0 and ϕ1 exist, W`is an isomorphism.
The non conformal coupling corresponds to ξ ‰ d´1 4d . In this case the singularity of the potential V at τ`is strong if η0 ‰ 0 since
Let's consider the ordinary differential equation
that is a toy model for (I.7) (for example if K " S d ). The solutions are given by ϕpτ q " pτ`´τ q 1 2 rC 1 J µ pApτ`´τ qq`C 2 Y µ pApτ`´τ qqs , and we can see that in general the limits (I.14) and (I.15) can not exist. Nevertheless, if µ 2 ă 0 ϕpτ q tends to zero as τ Ñ τ`(and B τ ϕpτ q can be diverging). Therefore it is natural to investigate the case
We prove that in this case, the solution of (I.7) with η0 ă 1, η0 ‰ 0, tends also to zero. This result is not surprising since (I.18) assures that V acts like an infinite potential barrier. The case of the C 0 -Big Crunch without hypothese (I.18) is open but there are recent results for ξ " 0: [1] gives the asymptotics of the waves if K " R 3 , γ ij " δ i j , aptq " t η 0 , 1{3 ă η 0 ă 1, m " 0, ξ " 0, the Kasner background is considered in [40] , and the Bianchi spacetimes in [41] for silent singularities.
The situation η0 " 0 is very special since V pτ q is less singular, and the asymptotic behaviour of the field near a Sudden Singularity heavily depends on the lower term associated with η1 .
We also tackle the problem of the nonlinear fields. Important results are known for smooth universes, in particular for the De Sitter spacetime. We can cite the works by Ebert and Reissig [20] , Galstian and Yagdjian [27] , [28] , Nakamura [35] . At our knowledge a lot of hard issues about the interacting fields on singular Lorentzian manifolds remain to be investigated. In this paper we present just a modest contribution at this topic. We consider the semilinear Klein-Gordon equation
In this work we investigate only the subcritical case
. Figure 2 . Results of existence of ϕj for non conformal coupling ξ ‰ d´1 4d . When ϕ0 and ϕ1 exist, W`is an isomorphism.
In this simple situation we may use the usual Sobolev embeddings to solve the Cauchy problem, and choosing C ą 0 the finite energy solutions are global. We study the asymptotic behaviour at a Big Bang/Crunch or at a Sudden Singularity for the conformal coupling ξ " d´1 4d and we obtain the same results that for the linear equation.
Finally we investigate some quantum aspects in a universe beginning with a Big Bang and ending with a Big Crunch or a Sudden Singularity. The study of the cosmological particle creation in an expanding universe has a long history since the PhD of L. Parker in 1965 [39] . We have to mention the work of S. A. Fulling [25] for the spatially flat Robertson-Walker metrics and the generalized Kasner (Bianchi type I) metrics. For more recent works, see e.g. [11] , [17] , [24] , [31] . Fulling had investigated the creation of particles between two regular times t 1 , t 2 P pt´, t`q on K " R 3 . Here we consider the case of the time singularities t 1 " t´, t 2 " t`when a Big Bang, a Big Crunch or a Big Brake occurs and K is a d-dimensional compact manifold. In the last part, we give sufficient conditions on d and ηj for the number of cosmological particle creation to be finite. This number N is estimated by the Zeta function of the Laplacian on K,
where rxs is the integer part of x and λ n are the positive eigenvalues of´∆ K . The proof, inspired from Fulling [25] , is based on the Liouville-Green (or WKB) approximation that needs a sufficient regularity of the coefficients. That explains why the results are established for a scale factor a P C l pt´, t`q satisfying (I.2) for 0 ď k ď l with l " lpdq if ξ "
II. The Linear and Nonlinear Global Cauchy Problems
In this part we investigate the Cauchy problem associated to the inhomogeneous Klein-Gordon equation
where t 0 is fixed in I. If a P C 8 pIq, the existence and the uniqueness of the solution is well known since the seminal works of Leray [33] , for smooth or distributions initial data. We denote X the space C 8 pKq or C 8 0 pKq or D 1 pKq. Then for any u 0 , u 1 P X, F P C 8 pI; Xq, the classic results of Leray assure the existence and uniqueness of u P C 8 pI; Xq. Here we are interested in the finite energy solutions and the quantum fields, and we assume just a P C 2 pIq. Hence we have to introduce the suitable Hilbertian functional framework (for the H 1 -solutions see [15] ). If ξ ‰ 0 we assume that the scalar curvature R γ of pK, γq is bounded
We denote L 2 pKq the L 2 -Lebesgue space on K endowed with the volume measure associated to the metric γ, that we simply denote dx. A well known result by Strichartz [44] assures that ∆ K is essentially selfadjoint on C 8 0 pKq since K is a complete manifold, and we shall use the Sobolev spaces H s pKq, s P R, defined as the closure of C 8 0 pKq for the norm
More precisely, H s pKq is the Bessel-potential space introduced by Strichartz [44] . Alternatively, if K has a bounded geometry, we can characterize H s pKq via localization and pull-back onto R d (see [32] and the references therein). Moreover, if s is a positive integer, Triebel proved that H s pKq is just the classical Sobolev space W s pKq introduced by Aubin, which contains all L 2 functions on K having bounded covariant derivatives up to order s. The following Proposition states that the Cauchy problem is well posed in these spaces. These expected results are not surprising but due to the weak regularity of the coefficients they are not straight consequences of well known results on the problems of evolution with time dependent Hamiltonians (see e.g. [34] , [45] 
Furthermore, taking advantage of the peculiar structure of (II.11), we can show that a similar estimate for weaker solutions of (II.11) holds. If v P C 0 pI; H 1´θ q X C 1 pI; H´θq is a solution of (II.11) with G P L 2 loc pI; H´θq, we putṽ :" p´∆ K`1 q´θ 2 v. Applying (II.12) with ξ " 0 toṽ we get
Since we have
we deduce with the Gronwall lemma that the solutions of (II. 
We put
Using inequality (II.13), we easily prove by recurrence that
Then we conclude that vpt, xq :" To establish (II.6) it is sufficient to consider the case θ " 1 thanks to the density of H 1 in H 1 2 , and the continuous dependance of u with respect the initial data. In this case we have u,ũ P C 0`I ; H 1 pKq˘XC 1`I ; L 2 pKq˘XC 2`I ; H´1pKq˘. Hence we may compute the time derivative of σpuptq,ũptqq and using (II.1) we get that it is equal to zero.
Q.E.D. We introduce the propagator T pt, t 0 q associated to the linear equation (II.1) with F " 0, and defined by T pt, t 0 q pu 0 , u 1 q :" puptq, B t uptqq where u is the solution of (II.1) satisfying (II.2). The previous proposition assures that (II.14)
T P L T pt, sq p0, F psqq ds.
It will useful to have a result of existence solutions in higher order Sobolev spaces, in particular to treat the non linear equation. We renforce the assumptions on metric γ by assuming that :
Proposition II.2. We assume that pK, γq is a C 8 manifold that satisfies (II.16). Then, given
Proof. We write s " 2N`1´θ with N P N, θ P r0, 1s. Proposition II.1 assures the existence of the solution u P C 0`I ; H 1´θ pKq˘X C 1`I ; H´θpKq˘. Hence it is sufficient to establish that u N :" p´∆ K`1 q N u belongs to the same space. u N is solution of (I.4) where F is replaced by
. Now a theorem of Eichhorn [21] ) assures that all the covariant derivatives of the Riemannian curvature tensor are bounded iff (II.16) is satisfied. Therefore (II.16) implies that for any α P N d , ∇ α R γ P L 8 pKq and then the commutator " p´∆ K`1 q N , R γ ‰ is a bounded operator from H σ pKq to H σ´2N`1 pKq. Now the result follows from Proposition II.1 by recurrence on N .
Q.E.D. Finally we consider the global Cauchy problem for the semilinear Klein-Equation (II.1) where F is the subcritical nonlinearity
To be able to use the Sobolev embedding we have to renforce the assumptions on the metric. We recall that pK, γq is a C 8 bounded geometry manifold, if the following conditions are satisfied: (1) the injectivity radius is strictly positive, (2) 
Proof. Due to the assumption on pK, γq, the Sobolev embeddings hold and in particular we have:
We deduce that there exists c p ą 0 such that for any u,û P H 1 pKq,
Now the proof of the local existence is a classic routine. We consider the nonlinear operator F defined for pu, vq
Thanks to (II.14) and (II.19), we have for
where
We deduce that for ǫ ą 0 small enough so that
then F is defined from B ǫ p2RM ǫ q into itself, where
Furthermore, if we also choose ǫ ą 0 small enough so that
The unique fixed point pu, vq in this space satisfies v " B t u and u is a solution of (II.1), (II.17), (II.2) on rt 0´ǫ , t 0`ǫ s.
To obtain the global existence, we recall an abstract result of Strauss ([43] , Theorem 4.1). If
where Aptq is a densely defined selfadjoint operator on L 2 with A P C 1`r 0, T s; LpH 1 , H´1q˘, and
(II.21)
We apply this equality to Aptq :" a´2ptq r´∆ K`1 s, G :"`a´2ptq´m 2´ξ R g˘u´d a 1 ptqa´1ptqB t uĆ u | u | p´1 . We note that for any v P C 1 pI; H 1 pKqq we have
By density, this equality holds also for v P C 0 pI,
We conclude by the classic argument of unique continuation that u is globally defined on I.
To prove (II.18), we use (II.19) and (II.20) to get
) is a consequence of (II.22) and the Gronwall lemma again.
Q.E.D.
These results of existence and uniqueness of the solutions being acquired, the fundamental problems lie in finding uniform energy estimates on pt´, t`q, and in investigating the asymptotic behaviours at t˘. To overcome the difficulties linked to the variable celerity due to the term a´2ptq∆ K , is convenient to replace the cosmic time t by the conformal time τ defined by (I.5). In this time coordinate, the metric (I.1) is expressed with the scale factor α given by (I.9), as
and the Ricci scalar is given by
Hence u is solution of (II.1) iff its Liouville transform ϕ defined by (I.6) satisfies is solution of (II.24)
and the initial data (II.2) on u are transformed by an isomorphism L on H sˆH s´1 , (II.25)
In the case of the conformal coupling ξ " 
Thus for the conformal coupling, we deal with a Klein-Gordon equation with variable mass mαpτ q that, as τ Ñ τ˘, tends to zero for a Big Bang/Crunch, to the infinity for a Big Rip, or a constant (and α 1 is diverging) for a Sudden Singularity. Therefore the asymptotic properties of u heavily depend on the behaviour of the scale factor aptq near the singularities t˘. In the Appendix we present the asymptotics of αpτ q near τ˘.
III. At a Big Bang/Crunch or a Sudden Singularity (Conformal Coupling)
In this part we investigate the asymptotics at a Big Bang/Crunch or a Sudden Singularity, of a massive scalar field with the conformal coupling (I.16), solution of the linear or nonlinear Klein-Gordon equation (II.1) with F given by (II.17). We consider only the case of a future time singularity at t`, the case at t´is easily deduced by the reversal of time. First we remark that for 0 ď η 0 ă 1, we have τ`ă 8 and α P C 0 pr0, τ`sq. In this simple situation, it is sufficient to prove that the solution of (II.26) is well defined at τ`and the Cauchy problem is well posed for initial data specified at τ`. In contrast, for η0 ě 1, we have τ`"`8 and since αpτ q Ñ 0 as τ Ñ 8, we compare the solutions of (II.26) near τ`with those of the massless equation
Therefore we deal with a scattering problem. The Cauchy problem is well posed for this equation: given ϕ 0 P H 1´θ pKq, ϕ 1 P H´θpKq with θ P r0, 1s, there exists a ϕ P C 0`p τ´, τ`q; H 1´θ pKq˘X C 1`p τ´, τ`q; H´θpKq˘solution of (III.1) satisfying
We remark that in some cases, the solutions of (III.1) can be unbounded as τ Ñ 8: the Kato Rellich theorem and (II.3) assure that´∆ K`d´1 4d R γ endowed with the domain H 2 pKq is selfadjoint on L 2 , hence if its spectrum intersects p´8, 0s the norm of some solutions can increase as τ Ñ`8.
To avoid this situation we introduce an "infrared" cut-off. Given δ ě 0, we introduce
where χ Ω is the characteristic function of Ω Ă R, and for s ď 2 we define H s,δ pKq as the closure of H 2,δ pKq for the norm (II.4).
First, we investigate the asymptotic behaviours of the free fields, solutions of the linear KleinGordon equation.
Theorem III.1 (Big Crunch, Sudden Singularity). We assume that (I.2), (I.3) and (II.3) and hold. Given θ P r0, 1s, u 0 P H 1´θ pKq, u 1 P H´θpKq, we consider the unique u P C 0`I ; H 1´θ pKq˘X C 1`I ; H´θpKq˘solution of (I. 4 
), (I.16), (II.2).
If 0 ď η0 ă 1, there exist unique ϕ0 P H 1´θ pKq, ϕ1 P H´θpKq, such that
and the map W`:
where ϕ is the solution of (III.1) satisfying ϕp0q " ϕ0 , B τ ϕp0q " ϕ1 , and τ is defined by (I.5).
where pφ0 ,φ1 q " W`pũpt 0 q, B tũ pt 0 qq.
Proof. We introduce the group U 0 pτ q associated to equation (III.1) and defined by U 0 pτ qpϕ 0 , ϕ 1 q " pϕpτ q, B τ ϕpτif ϕ P C 0 pR τ ; H 1´θ pKqq X C 1 pR τ ; H´θpKqq is solution of (III.1) with initial data ϕp0q " ϕ 0 , B τ ϕp0q " ϕ 1 . For any a, b P R, a ă b, there exists C b´a ą 0 such that (III.7) sup τ Pra,bs }U 0 pτ q} LpH 1´θˆH´θ q ď C b´a ă 8.
. Now the solution of (II.26) with initial data pϕ 0 , ϕ 1 q satisfies for τ P pτ´, τ`q
Then the Gronwall lemma implies that for τ P r0, τ`q
For η0 P r0, 1q we have α P C 0 pr0, τ`sq hence
therefore (III.8) assures that pϕpτ q, B τ ϕpτhas a limit as τ Ñ τ`, and ϕ0 , ϕ1 defined by
satisfy (IV.2). Conversely, given pϕ0 , ϕ1 q P H 1´θˆH´θ , we can easily solve, by the Picard iteration, the integral equation
for τ P pτ´, τ`s,. In other words, the Cauchy problem for (II.26) is well posed in C 0`p τ´, τ`s; H 1´θˆH´θw ith an initial data specified at τ`. Now it is sufficient to define pϕ 0 , ϕ 1 q from (III.11) and we conclude that pu 0 , u 1 q given by (II.25) satisfy (III.5). To obtain the invariance of H 1´θ,δˆH´θ,δ it is sufficient to remark that U 0 pτ q lets invariant this space.
If η0 ě 1, we have τ`"`8 and }U 0 pτ q} LpH 1´θˆH´θ q can be unbounded on r0, 8q, hence we shall introduce an infrared cut-off. First we have to define equivalent norms on H s pKq. We consider the operators
By the Kato-Rellich theorem A 0 , Λ 1 are selfadjoint operators with the same domain that Λ 0 :
Since 1 ď Λ j we may define Λ θ j for θ P r0, 1s by the spectral theorem and it is well known from the complex interpolation (see [34] , Remark 2.3, p.10) that (III.13)
ith equivalent norms. Given δ ą 0, we introduce the truncated at low frequency operator (III.14)
which is selfadjoint on L 2 δ :" H 0,δ pKq and δI ď A δ . We remark that the norms }Λ
u} L 2 are equivalent on H 2θ,δ pKq, θ P r0, 1s, hence by duality, the same result holds for θ P r´1, 0s. We conclude with (III.13) that }A θ δ u} L 2 is an equivalent to the H 2θ -norm on H 2θ,δ given by }A θ 0 u} L 2 . We remark that the group U 0 pτ q leaves invariant H 1´θ,δˆH´θ,δ and on this space the solution of (III.1), (III.2) can be expressed as
As a consequence the restriction of U 0 pτ q on H 1´θ,δˆH´θ,δ is uniformly bounded: Given θ P r0, 1s, δ ą 0, there exists C δ ą 0 such that
We deduce from (III.8) that the propagator associated to (II.26) leaves invariant H 1´θ,δˆH´θ,δ and since α P L 1 p0, 8q, the Gronwall lemma assures that the solution of (II.26) with initial data in H 1´θ,δˆH´θ,δ satisfies for σ, τ P r0, 8q If pϕ0 , ϕ1 q P H 2,δˆH 1,δ , Proposition II.2 implies that σ Þ Ñ U p0, σqU 0 pσqpϕ0 , ϕ1 q belongs to C 1`r 0, 8q; H 1,δˆH 0,δ˘a nd
By density, this inequality holds for pϕ0 , ϕ1 q P H 1´θ,δˆH´θ,δ . Therefore the following limit exists in this space,
U p0, τ qU 0 pτ qpϕ0 , ϕ1 q and satisfies (III.5).
Finally to prove (III.6) we remark that ifφpτ q " raptqs d´1 2ũ ptq, we have
ϕpτ q, B τφ pτ q ´ φpτ q, B τ ϕpτ q " ϕ0 ,φ1 ´ φ0 , ϕ1 .
Q.E.D.
We now investigate the non-linear problem. We recall that by the Liouville transform, the semi-linear Klein-Gordon equation (II.1), (II.17) is equivalent to (II.27).
Theorem III.2. We assume that pK, γq is a C 8 bounded geometry manifold. Let a be a strictly positive function in C 2 pIq satisfying (I.2), (I. 3) , and m ě 0. Given u 0 P H 1 pKq, u 1 P L 2 pKq, we consider the unique u P C 0`I ; H 1 pKq˘X C 1`I ; L 2 pKq˘solution of (II. 1 
), (II.2), (II.17).
We suppose that 0 ď η0 ă 1, and if η0 " 0 we assume c1 ą 0. Then there exist unique
If 1 ď η0 , we assume that there exists δ ą 0 such that
and the nonlinearity satisfies
Then, given u 0 P H 1 pKq, u 1 P L 2 pKq, there exist unique ϕ0 P H 1 pKq, ϕ1 P L 2 pKq, such that the solution u satisfies
where ϕ is the solution of (III.1) with initial data ϕp0q " ϕ0 , B τ ϕp0q " ϕ1 .
For any η0 ě 0, the map 
, the semilinear Klein-Gordon equation satisfied by a field constant on K is the quartic oscillator. Then given ϕ 0 P R˚, ϕ 1 " 0, the solution ϕpτ, xq " ϕpτ q of (II.27) with ϕp0q " ϕ 0 , ϕ 1 p0q " 0, satisfies the Duffin equation ϕ 2`ϕ`ϕ3 " 0 and ϕ is expressed with the Jacobi function cnpz, kq (see [36] , p. 565):
Hence ϕ is periodic with the period
Using inequality (19.9 .1) of [36] , we can estimate this period for ϕ 0 ‰ 0,
therefore we conclude that ϕ can not be asymptotic to a free field solution of (III.1) which, in our case, is reduced to the simple harmonic oscillator ϕ 2`ϕ " 0.
Proof. If 0 ď η0 ă 1, the existence of the isomorphism Ω`is assured iff the global Cauchy problem associated to (II.27) with initial data given at time τ 0 fixed in r0, τ`s is well posed in C 0`r 0, τ`s; H 1 pKq˘X C 1`r 0, τ`s; L 2 pKq˘. Since Theorem II.3 assures that the global Cauchy problem is well posed on r0, τ`q, it is sufficient to study it on rτ 1 0 , τ`s for some τ 1 0 ă τ`. We choose τ 1 0 such that α 1 pτ q ď 0 on rτ 1 0 , τ`q. Such a choice is possible since c0 ą 0 and, if η0 " 0, c 1 ą 0. In the proof of the previous theorem, we have proved that the Cauchy problem for the linear equation (II.26) is solved by a propagator
we have to solve the integral equation
Using the Lipschitz property (II. 19) , it is easy to get a unique local solution defined near τ 0 for | τ´τ 0 |ď ǫ small enough. To obtain the global existence, we apply (II.21) with Apτ q "´∆ K1`m 2 α 2 pτ q and G " ϕ´d´1 4d R γ ϕ´Crαpτ qs ν ϕ | ϕ | p´1 . We get for any τ, τ 0
dσ.
(III.26)
Since α 1 ď 0 on rτ 1 0 , τ`q we deduce that
We conclude with the Gronwall lemma that }ϕpτ q} H 1`}B τ ϕpτ q} L 2 is bounded and so by the continuation principle, ϕ is a solution well defined on rτ 1 0 , τ`s. We have also proved that there exists a continuous function H such that for any solution ϕ we have We use (III.27) and the Gronwall Lemma to obtain (III.23) and III.24).
We now consider the case η0 ě 1. The Theorem II.3 assures that given u 0 P H 1 , u 1 P L 2 the nonlinear equation (II.27) has a unique solution ϕ P C 0`r 0, 8q; H 1˘X C 1`r 0, 8q; L 2˘w ith initial data pϕ 0 , ϕ 1 q " Lpu 0 , u 1 q given by (II.25). To establish the existence of Ω`it is sufficient to prove the existence of the nonlinear operator W`defined by (III. 28 
(III.31)
Thanks to (III. 19 ) there exists C δ ą 0 such that for any τ, τ 0 ě 0,
(III.32)
Since α ą 0 on r0, 8q and α 1 {α P L 1 loc pr0, 8qq, the Gronwall lemma assures the existence of a continuous function C 0 such that for any τ, τ 0 P r0, T s we have
As previously, we choose τ 1 0 such that α 1 pτ q ă 0 for τ ě τ 1 0 . We take τ 0 " τ 1 0 in (III.32) so we have for τ ě τ 1
( To invert Ω`, given pϕ0 , ϕ`q P H 1ˆL2 , it is sufficient to solve in C 0`r 0, We remark that we may just solve (III.39) on some interval rT, 8q and then we consider the unique solution of the Cauchy problem on r0, T s with initial data at T given by pϕpT q, B τ ϕpT qq. We introduce the Banach space X T of the bounded continuous H 1ˆL2 -valued functions on rT, 8q. Thanks to (III.30) and (III.37), the map
is well defined. Moreover if T is large enough, G is a strict contraction on
The fixed point pϕ, ψq " Gpϕ, ψq satisfies ψ " B τ ϕ and ϕ is solution of (III.39) on rT, 8q. Finally we extend ϕ into a solution on r0, 8q by solving the Cauchy problem with initial data given at time T by pϕpT q, B τ ϕpT qq. 
To establish the Lipchitz properties of W`and W´1 we write 
Q.E.D.

IV. At a Big Rip (conformal coupling)
In this part we investigate the behaviour of the solutions of the linear Klein-Gordon equation with a conformal coupling (I.4), (I.16), if a Big Rip occurs at t`, that is to say we assume that the scale factor satisfies (I.2) and (I.3) with η0 ă 0. Using the conformal time τ we deal with the Klein-Gordon equation (II.26) with the variable mass mαpτ q that tends to infinity as τ Ñ τ`. More precisely (IX.1) assures that for some C ą 0,
We remark that the potential m 2 α 2 pτ q in (II.26) belongs to L 1 p0, τ`q iff´1 ă η0 ă 0 (Slow Big Rip). We start by considering this case.
Theorem IV.1 (Slow Big Rip). We assume that (I.2), (I.3) and (II.3) and hold.
We suppose that´1 ă η0 ă 0. Given θ P r0, 1s, u 0 P H 1´θ pKq, u 1 P H´θpKq, we consider the unique u P C 0`I ; H 1´θ pKq˘X C 1`I ; H´θpKq˘solution of (I. 4 
), (I.16), (II.2). Then there exist unique
and the map W`: pu 0 , u 1 q Þ Ñ pϕ0 , ϕ1 q is an isomorphism on H 1´θ pKqˆH´θpKq.
Proof. The proof is similar to those of the case 0 ď η0 ă 1 but α is no more continuous on r0, τ`s. Nevertheless thanks to (IV.1), we have α 2 pτ q P L 1 p0, τ`q therefore we obtain (III.10) from (III.9) again, and pϕ0 , ϕ1 q is well defined by (III.11). Conversely, given pϕ0 , ϕ1 q P H 1´θˆH´θ , we can easily solve the integral equation (III.12) for τ P rτ 0 , τ`s for some τ 0 ă τ`. It is sufficient to take τ`´τ 0 small enough in order the right member of (III.12) to be a strict contraction on C 0 prτ 0 , τ`s; H 1´θˆH´θ q. Then pϕp0q, B τ ϕp0q is obtained by unique continuation.
Q.E.D. If η0 ď´1 we may not expect such a result. Here are some examples showing that W`cannot be defined as an isomorphism, more precisely, in these cases, ϕpτ q has a limit as τ Ñ τ`but in contrast, B τ ϕpτ q is diverging. We suppose that K is a compact manifold and we assume that there exists Φ 0 P L 2 pKq solution of´∆ K Φ 0`d´1 4d R γ Φ 0 " 0 (for instance, K is a compact flat manifold and Φ 0 " 1). Then the solution ϕ of "
, is given by ϕpτ, xq " upτ qΦ 0 pxq where u is a solution of the differential equation
First we investigate the case aptq " 2pt`´tq´1. We have
Then the solution of (IV.3) is expressed with Bessel functions,
lnpτ`´τ qΦ 0 pxq.
We remark that the asymptotics are characterized by b, which is not sufficient to obtain c 0 , c 1 .
Moreover the time derivative is not bounded and the following limits exist:
Secondly we investigate the case aptq " 9pt`´tq´2 for which:
αpτ q " pτ`´τ q´2 3 .
Then the solutions u of (IV.3) are upτ q " ae
We have the following asymptotics as τ Ñ τ`:
ϕpτ, xq " pa`bqΦ 0 pxq, B τ ϕpτ, xq "´3m 2 pa`bqpτ`´τ q´1 3 Φ 0 pxq.
Hence the asymptotics are given by a`b that is not sufficient to get c 0 , c 1 . Moreover (IV.4) is satisfied again. Now we choose aptq " 64pt`´tq´3, hence αpτ q " pτ`´τ q´3 4 , and the solutions of (IV.3) are
and we have as τ Ñ τφ
Therefore the previous conclusions hold. To avoid the possibility that the eigenvalue zero plays a peculiar role, we consider an eigenfunction Φ λ associated to some eigenvalue λ 2 ą 0 of´∆ Kd´1 4d R γ , and we take aptq " 2pt`´tq´1. Then the solution ϕ of
The solutions are expressed with Whittaker functions (with the notations of [36] ):
(IV.6) upτ q " aM µ, 1 2 p´2iλpτ`´τ qq`bW µ, 1 2 p´2iλpτ`´τ qq, µ :"
We deduce that
All these examples show that the following Theorem concerning the Strong Big Rip (η0 ď´1), is optimal.
Theorem IV.2 (Strong Big Rip). We assume that (I.2), (I.3) and (II.3) and hold.
We suppose η0 ď´1. Given θ P r0, 1s, u 0 P H 1´θ pKq, u 1 P H´θpKq, we consider the unique u P C 0`I ; H 1´θ pKq˘X C 1`I ; H´θpKq˘solution of (I. 4 
), (I.16), (II.2). Then there exists unique
The proof of the Theorem is based on an elegant method used in [18] . The following Lemmas, an abstract energy estimate and the resolution of the Ricatti equation, are directly inspired by this paper.
Given a densely defined selfadjoint operator B on a Hilbert space pH, }.}q, satisfying Id ď B, we denote H θ , θ ď 2, the closure of DompB 2 q for the norm }u} θ :" }B θ u}. Lemma IV.3. Given A P C 1 prτ 0 , τ`qq and G P C 0`r τ 0 , τ`q; LpHq X LpH 1 q˘, any u P C 0`r τ 0 , τ`q; H 1´θ˘X C 1`r τ 0 , τ`q; H´θ˘, θ P r0, 1s, solution of
satisfies for all τ P rτ 0 , τ`q (IV.10)
Proof. We remark that thanks to the assumptions on G, the Cauchy problem is well posed in H sˆHs´1 for s P r0, 2s therefore it is sufficient to consider u P C 0`r τ 0 , τ`q; H 2˘X C 1`r τ 0 , τ`q; H 1˘X C 2 prτ 0 , τ`q; Hq, and the general case follows from the usual argument of density and continuity. Given θ P r0, 1s, we introduce the modified energy (IV.11) Epτ q :"´}B 1´θ upτ q} 2`} B´θ pB τ upτ q`Apτ qupτ} 2¯1 2 .
We have (IV.12) }upτ q} 1´θ ď Epτ q, }B τ upτ q}´θ ď p1`| Apτ q |qEpτ q.
We compute
We deduce from the Gronwall lemma:
Now (IV.10) follows from (IV.12) and (IV.13).
Q.E.D.
Lemma IV.4. Let V be a non-negative, continuous function on rτ 1 , τ`q.
We assume that V pτ q " O p| τ`´τ | γ q with γ ą´2. Then, given M ą 1, there exists τ 0 P rτ 1 , τ`q such that the Ricatti equation
has a unique solution such that Apτ 0 q " 0, moreover A satisfies
Proof. Since V pτ q " O p| τ`´τ | γ q with γ ą´2, we can choose τ 0 P rτ 1 , τ`q such that
We iteratively define the sequence A n pτ q by A 0 pτ q " 0 and
We can easily prove by recurrence that for n ě 1 we have
Moreover if we assume that
We conclude that A n pτ q is an increasing sequence bounded by 2M ş τ τ 0 V pσqdσ. Therefore A :" lim n A n satisfies (IV.15) and by the Beppo Levi theorem it is a solution of
We conclude that A belongs to C 8 prτ 0 , τ`qq and it is a solution of (IV.14) (parenthetically the first Dini theorem assures that A n converges locally uniformly to A on rτ 0 , τ`q) . Moreover we have
Q.E.D. Proof of the Theorem.
(IV.1) assures that α 2 pτ q " O p| τ`´τ | γ q with γ ą´2. We use the potential A given by the previous Lemma IV. 4 with V pτ q " m 2 α 2 pτ q and we apply Lemma IV.3 with
Since α 2 pτ q " Cpτ`´τ q 2η0 1´η0 and η0 ď´1, we get from (IV.15) that
and we deduce that
We conclude with the Corollary 2.1 of [43] that
where C w pI, Xq denotes the space of the X-valued functions defined on an interval I that are weakly continuous. Coming back to uptq, (IV.7) follows from (IV.18) and (IV.8) is equivalent to (IV.17).
Q.E.D.
V. At a Sudden Singularity (Non Conformal Coupling)
We consider the case of Sudden Singularity, η0 " 0, η1 P p0, 1q Y p1, 8q, and a general coupling ξ P R, ξ ‰ d´1 4d . In conformal time, we consider equation (I.7) where thanks to (IX.2) the potential V P C 0 pτ´, τ`q given by (I.8) satisfies
In the case of a Big Brake (η1 ą 1), we have V P L 1 pr0, τ`qq and the situation is analogous to those of the conformal coupling. Theorem V.1 (Big Brake). We assume that (I.2), (I.3) and (II.3) and hold. We suppose that η0 " 0, η1 ą 1. Given θ P r0, 1s, u 0 P H 1´θ pKq, u 1 P H´θpKq, we consider the unique u P C 0`I ; H 1´θ pKq˘XC 1`I ; H´θpKq˘solution of (I. 4 
), (II.2). Then there exist unique
Proof. The proof is similar to those of the case´1 ă η0 ă 1 with ξ " d´1 4d since (V.1) assures that V P L 1 p0, τ`q if η1 ą 1. We follow the proof of the Theorem IV.1 by replacing m 2 α 2 pτ q by V pτ q.
Q.E.D. The case of a Sudden Singularity with η1 P p0, 1q, is analogous to the Strong Big Rip (η0 ď´1) with the conformal coupling ξ " d´1 4d since V pτ q " O p| τ´τ`| γ q, γ ą´2. Theorem V.2 (Sudden Singularity). We assume that (I.2), (I.3) and (II.3) and hold. We suppose η0 " 0, η1 P p0, 1q. Given θ P r0, 1s, u 0 P H 1´θ pKq, u 1 P H´θpKq, we consider the unique u P C 0`I ; H 1´θ pKq˘X C 1`I ; H´θpKq˘solution of (I. 4 
), (II.2). Then there exists unique
4d , (V.1) assures that V pτ q has a constant sign near τ`. If V pτ q ě 0 on some interval rτ 1 , τ`q, we can mimic the proof of the Theorem IV.2 for the Strong Big Rip with the conformal coupling, by replacing m 2 α 2 pτ q by V pτ q. In contrast, if V pτ q ď 0 on some interval rτ 1 , τ`q, we cannot apply Lemma IV.4. Fortunately, we can solve the Riccatti equation for a non-positive right-hand side and Lemma IV.4 is replaced by the following: Lemma V.3. Let W be a non-negative, continuous function on rτ 1 , τ`q. We assume that W pτ q " O p| τ`´τ | γ q with γ ą´2. Then, given M ą 1, there exists τ 0 P rτ 1 , τ`q such that the Ricatti equation
Proof. Since W pτ q " O p| τ`´τ | γ q with γ ą´2, we can choose τ 0 P rτ 1 , τ`q such that (V.8)
We obviously have for any n ě 0´ż
and we prove that for any n ě 1,
that follows from the inequalities :
Now for n ě 1 we evaluate
We conclude that we can define A as
pA n`1 pτ q´A n pτ, and A satisfies (V.5), (V.6) and (V.7) follows from (V.6) and (V.8).
Q.E.D.
To end the proof of the theorem, we apply the previous Lemma with W pτ q "´V pτ q, then we use Lemma IV.3 with B 2 "´∆ K`1 , G " 1´d´1 4d R γ , and we achieve the proof as for the Theorem IV.2.
Q.E.D.
VI. At a Big Bang/Crunch/Rip (Non Conformal Coupling)
We consider the case of a Big Crunch, η0 ą 0, or a Big Rip η0 ă 0 and a general coupling ξ P R, ξ ‰ d´1 4d . Using the conformal time, we have to investigate the solutions of the linear Klein Gordon equation (I.7) with the potential V pτ q given by (I.8). The estimates of the scale factor (IX.1) (IX.3) and (IX.4) assure that: -if η0 ą 1, we have
-if η0 ă 1, we have for some ǫ ą 0
We begin with the case of a C 1´B ig Crunch (η 0 ě 1) for which τ`"`8. If η 0 ą 1, V P L 1 pr0, 8qq hence the situation is analogous to those of the conformal coupling and we compare the solutions of (I.7) with those of (I.10). If η 0 " 1, the asymptotic dynamics is defined by (I.11) . Like for the conformal coupling, we have to avoid the increasing solutions by introducing a spectral cut-off. The Kato Rellich theorem and (II.3) assure that´∆ K`ξ R γ endowed with the domain H 2 pKq is selfadjoint on L 2 . Given δ P R, we introduce
where χ Ω is the characteristic function of Ω Ă R, and for s ď 2 we define H s,δ ξ pKq as the closure of H 2,δ ξ pKq for the norm (II.4). Theorem VI.1 (C 1´B ig Crunch). We assume that (I.2), (I.3) and (II.3) hold with 1 ď η0 . Given ξ P R, we take δ P R such that
For any θ P r0, 1s, u 0 P H 1´θ,δ ξ pKq, u 1 P H´θ ,δ ξ pKq, we consider the unique u P C 0`I ; H 1´θ pKq˘X C 1`I ; H´θpKq˘solution of (I. 4 
), (II.2). Then there exist unique
where ϕ is the solution of (I.10) if η0 ą 1 or (I.11) if η0 " 1, satisfying ϕp0q " ϕ0 ,
If θ " 1 2 and σ is given by (II.6), we have
Proof. The proof follows the same way used for the conformal coupling. If η0 ą 1 we just replace m 2 α 2 pτ q by V pτ q taking advantage of its integrability. If η0 " 1 we replace U 0 pτ q by the propagator of (I.11) that is uniformly bounded on H 1´θ,δˆH´θ,δ , and we get the existence and asymptotic completeness of W`by using the integrability of V pτ q´pc0 q 2 dpd´1q`ξ´d´1 4d˘.
Q.E.D. For a C 0´B ig Crunch or a Big Rip with a non conformal coupling, the potential V pτ q has a singularity of pτ`´τ q´2 type that forbids the existence of W`. Theorem VI.2 (C 0´B ig Crunch, Big Rip). We assume that (I.2), (I.3) and (II.3) hold with η0 P p´8, 0q Y p0, 1q. Given ξ P R satisfying (I.18), θ P r0, 1s, there exists K ą 0 such that for any u 0 P H 1´θ pKq, u 1 P H´θpKq, the unique solution u P C 0`I ; H 1´θ pKq˘X C 1`I ; H´θpKq˘of (I. 4 
Proof. First we write the Klein-Gordon equation (I.7) as:
ppτ q :" N`q pτ`´τ q 2´V pτ q, and N ě 0 is choosen such that
We remark that (IX.1) assures that p P C 0 pr0, τ`qq satisfies for some ǫ P p0, | ppτ q |ď C p pτ`´τ q´2`ǫ.
Using the spectral decomposition of A, the issue of the asymptotics of ϕ will be reduced to the study of the behaviour at τ`of the solution of the equation
Moreover we have
Proof. Given λ ą 0, q ą 1 4 , we consider the solution ψ of (VI.11)
ψ is expressed by using the Riemann functions R k pτ ; λq, where R 0 is the solution for ψ 0 " 1, ψ 1 " 0, and R 1 is the solution for ψ 0 " 0 and ψ 1 " 1,
R k can be written in terms of Bessel functions. Writing ψpτ q " pτ`´τ q 1 2 f pλpτ`´τ qq, we can see that ψ is a solution of (VI.11) iff f pzq is solution of the Bessel equation
Elementary and tedious computations give We estimate R k pτ ; λq near τ`. A characteristic time is given by
We know (see [36] [18] for another proof using the confluent hyperbolic functions). The solution ψ P C 0 pr0, τ`qq of (VI.8) is given by
where we have put
Thanks to (VI.7) and (VI.14) we have for τ P r0, τ λ s : we have
and with (VI.15) for τ P rτ λ , τ`q :
We deduce that there exists C 1 ą 0 independent of λ ě M such that for any τ P r0, τ`q
Then the Gronwall lemma implies that
ǫ˘.
Moreover since R k pτ ; λq and K λ pτ, σq tend to zero as τ Ñ τ`, (VI.10) follows from the dominated convergence theorem applied to (VI.16). To obtain the estimate for B τ ψ we note that
, and we deduce from (VI.7), (VI.16) and (VI.21) that there exists C 2 ą 0 independent of λ ě M such that
Q.E.D. The spectral theorem assures the existence of a measure space pM, dµq with finite measure dµ,
Since 
Moreover ϕ is solution of (I.7) and ϕp0, xq " ϕ 0 pxq, B τ ϕp0, xq " ϕ 1 pxq. Now the theorem follows from the uniqueness of the solution of the Cauchy problem for (I.4).
Q.E.D.
VII. Quantum field
In this section we investigate a peculiar aspect of the quantum fields theory in the curved spacetimes: the particle creation in an universe beginning with a Big Bang (η0 ą 0) and ending with a Big Crunch (η0 ą 0) or a Sudden Singularity (η0 " 0). For a sake of simplicity, we suppose that K is a compact manifold. In the previous sections, we have proved the existence and asymptotic completeness of the wave operators associated to the Klein-Gordon equation (I.7) if the potential V pτ q defined by (I.8) has finite limits at τ˘, V˘:" lim τ Ñτ˘V pτ q.
For us to be able to define the (anti-)particles, the asymptotic Hamiltonianś ∆ K`ξ R γ`Vh ave to be positive on a suitable subspace of L 2 pKq. Hence we introduce an infrared cut-off by choosing δ P R such that δ ą´minpV´, V`q and using (VI.1) we put
that is a Hilbert space for the equivalent norms:
Therefore the classical Scattering Operator
exists and it is an isomorphism on X in the following cases presented in Figures 3 and 4 .
To quantize the scattering operator we must introduce the one-particle space Xp os and the oneantiparticle Xn eg that are defined as (VII.1)
Xp ospnegq :" Singularity We denote Pp ospnegq the projection on Xp ospnegq along Xn egpposq :
Id¸.
A classic result of the second quantization due to Shale assures that S is a Bogolioubov transform that is unitarily implementable on the Fock-Cook spaces over X, iff its off diagonal parts defining the particle-antiparticle mixing,
Pǹ egpposq SPṕ ospnegq are Hilbert-Schmidt. The physical meaning of this result is that a finite number N of creation of particle-antiparticle pair occurs at τ`if the initial quantum state is the Fock vacuum at τ´. This number is given by
HS
where }.} HS denotes the Hilbert-Schmidt norm. Adopting the approach introduced by Fulling [25] , a key ingredient to prove this property is the Liouville-Green (WKB) approximation that needs a sufficient regularity of the potential. In particular to apply the famous theorems of Olver [38] , it is necessary to have V 2 P L 1 pτ´, τ`q. Hence some supplement constraints on η0 and η1 will be necessary. Moreover the Hilbert-Schmidt property of (VII.3) is closely linked to the convergence of the series of the Zeta function ζpsq of the Laplacian ∆ K , that is converging iff ℜs ą d{2. Therefore the constraint of regularity of the scale factor is increasing with the dimension d of K. Hence we introduce:
(VII. 5) lpdq :" maxp2, rd{2sq, rd{2s P N, rd{2s ď d{2 ă rd{2s`1.
The following theorem is established by proving that
where λ n are the positive eigenvalues of´∆ K . 
‚ Universe beginning with a Big Bang and ending with a Big Brake:
Proof of the Theorem. Since K is a compact manifold,´∆ K`ξ R γ has compact resolvant. We denote pµ n q nPN the eigenvalues of this operator and we assume that µ n ď µ n`1 . We introduce
We introduce a Hilbert basis pφ n pxqq nPN of L 2 pKq, composed of eigenfunctions,´∆ K φ n`ξ R γ φ n " µ n φ n . Then the vectors Φp ospnegq,n :" 2´1 2´p µ n`V˘q´1 4 φ n ,`p´qi pµ n`V˘q 
Since the perturbation V does not depend on x, the dynamics of (I.7) does not mix the modes φ n . Then ϕ n pτ, xq has the form ϕ n pτ, xq " ψ n pτ qφ n pxq, where ψ n is solution of the differential equation
and satisfies the incoming data
µn`V´, τ Ñ´8.
We put
SΦṕ os,n " pϕ0 ,n , ϕ1 ,n q " pλ 0,n φ n , λ 1,n φ n q " α n Φp os,n`β n Φǹ eg,n , λ j,n , α n , β n P C.
Then (VII.13) is equivalent to (VII.17)
On the one hand we have
and on the other hand if τ`ă 8, ψ n pτ`q " λ 0,n , ψ
Now the strategy of the proof consists in proving the following key estimate
Therefore to have (VII.17) it is sufficient to establish that (VII.19)
µ´s n ă 8. (1) We begin with the case τ´"´8, τ`" 8, V´" V`. First, we consider the assumptions assuring that V´" V`" 0, hence we assume that ξ " d´1 4d and η0 ě 1, or ξ ‰ d´1 4d and η0 ą 1. Then V P C lpdq pRq, V´" V`" 0 and
Since V is integrable and µ n ‰ 0, the integral equation
has a unique solution ψ " ? 2µ 1 4 n ψ n that satisfies ψpτ q " α n e i ? µnτ`β n e´i ? µnτ , τ Ñ`8.
We approximate ψ with a Liouville-Green function. Following [38] we define recursively functions A k pτ q, 0 ď k ď lpdq`1, by the relations
Then Theorem 6 of [38] assures that for all n ě N 0 , there exists a solution wpµ n ; .q satisfying (VII.20) wpµ n ; τ q " e i ? µnτ lpdq
A k pτ q pi ? µ n q k`ǫ pµ n ; τ q, with (VII. 21) @n ě N 0 , @τ P R, | ǫpµ n ; τ q |`µ Expressing ψ on the basis twpµ n ; .q, w˚pµ n ; .qu we obtain β n " α´˚pµ n qβ`pµ n q´α`˚pµ n qβ´pµ n q | α´pµ n q | 2´| β´pµ n q | 2 , hence we deduce that
and we conclude that (VII.18) holds with s " lpdq`1. The case (VII.9) is similar since V´" V`. We can employ the same method replacing µ n by µ n`V˘a nd V pτ q by V pτ q´V˘.
(2) Now we consider the case τ´"´8, τ`" 8 and possibly V´‰ V`, i.e. we assume (VII.10). If η0 " η0 " 1 (and c0 ‰ c0 ), we have ş0 | V pτ q´V˘| p1`| τ |qdτ ă 8 and we can invoke the Lemma 1.4 (iv) of [16] that implies that (VII.18) holds with s " 3. If one η0 ą 1, V pτ q´Vd ecays as τ´1 and we cannot applied the known results. We consider an integer N 0 ě N such that @τ P pτ´, τ`q, µ N 0 ą 0, µ N 0`V pτ q ě 1.
For any n ě N 0 we take the Liouville-Green solution of (VII.14) introduced by Olver (Theorem 4 in [38] ) that satisfies (VII.27) wpµ n ; τ q " 2´1 2 pµ n`V pτ qq´1 4 Now we express ψ n on the basis twpµ n ; .q, w˚pµ n ; .qu by putting ψ n pτ q " Awpµ n ; τ q`Bw˚pµ n ; τ q, A, B P C. We have 1 " Aα´pµ n q`Bβ´˚pµ n q, 0 " Aβ´pµ n q`Bα´˚pµ n q, α n " Aα`pµ n q`Bβ`˚pµ n q, β n " Aβ`pµ n q`Bα`˚pµ n q, and β n is given by (VII) again. Hence we obtain from (VII.29) and (VII.30) that (VII.18) holds with s " 3.
(3) Now we consider the cases for which τ`and τ´are finite and V´‰ V`. From the assumption (VII.11) with η0 P p1{3, 1q, we have V P C 2 pτ´, τ`qXC 0 prτ´, τ`sq, V 1 P L 2 pτ´, τ`q, V 2 P L 1 pτ´, τ`q. We denote ψ`the solution of (VII.14) with data (VII. 31) ψ`pτ`q " 2´1 2 pµ n`V`q´1 4 , ψ 1 pτ`q " 2´1 2 i pµ n`V`q 1 4 . ψ`and ψ˚are linearly independent and we have ψ n pτ q " α n ψ`pτ q`β n ψ˚pτ q. Now we choose the two complex-conjugate linearly independent solutions w, w˚defined by (VII.27) and we express ψ n and ψ`as:
(VII. 32) ψ n pτ q " Awpτ q`Bw˚pτ q, wpτ q " αψ`pτ q`βψ˚pτ q, A, B, α, β P C. We conclude that we have β n " Oˆµ´l pdq`1 2 n˙.
(6) We consider the case τ´"´8, τ`ă 8, V´‰ V`, that occurs if d ď 5, η0 ě 1, η0 " 0, with η1 ą 1 and l " 2 if ξ " d´1 4d , or η1 ą 3 and l " 4 if ξ ‰ d´1 4d . With these hypotheses, V P C 2 p´8, τ`q X C 0 pp´8, τ`sq, V 1 P L 2 p´8, τ`q, V 2 P L 1 p´8, τ`q, ş 0 8 | V pτ q´V´| dτ ă 8. We adapt the method employed for the case (2) . We take the Liouville-Green function wpµ n , τ q defined by (VII.27) that satisfies (VII. 28 (7) The last case concerns τ´ą´8, τ`" 8 that occurs for η0 P´l´1 l`1 , 1¯, η0 ě 1. By a time reversing, it is equivalent to the case (5). Finally we have investigated all the situations and the proof of the theorem is complete.
VIII. Conclusion
In this work we have carried out a complete description of the asymptotics of the solutions of the linear Klein-Gordon equation on a FLRW universe beginning with a Big Bang and ending with a Big Crunch, a Big Rip, or a Sudden Singularity. In these cases, the dynamics is defined by a scalar equation with a time-dependent mass that can be zero or infinite at these singularities. We also have obtained similar results for the semilinear Klein-Gordon equation in the simple case of subcritical exponents. The fundamental problem of the general non-linearity | u | p´1 u is open. This case is much more difficult and certainly refined tools of harmonic analysis will be necessary, such as Strichartz estimates or the L p´Lq continuity of the propagator. Due to the time dependence of the coefficients and their singularity at the Big Bang/Crunch/Rip, these properties are certainly hard to get. Nevertheless, we note that in the case of the FLRW universes without singularity or the De Sitter space-time, similar results have be obtained [26] , [27] , [28] , [35] . Finally we have showed that the number of cosmological particle creation is finite under rather general assumptions on the initial Big Bang and the final Big Crunch or Big Brake. The concept of particles in the dynamical universes is rather ambiguous. It would be interesting to pursue the investigation of the quantum fields near a general time singularity, by the study of fiducial quantum states in the spirit of [17] or [29] .
IX. Appendix
This appendix is devoted to the asymptotics near a time-future singularity, of the scale factor expressed with the conformal time. The scale factor aptq is a positive function in C l prt 0 , t`qq and
